Lecture 9 
Random Variables 2 


Dr. Noor Badshah 


Bivariate Joint Distribution 


"| ес be two discrete random variables on same sample 
space. 


* Probability distribution . 
e The distribution function which is denoted by 


*Properties of DF: 1. 
2. Should be a non decreasing function. 
3. 


Probability Distribution: 


Joint pd: 


Then will be considered as pd. 
Marginal pd for : 


Marginal pd for : 


Conditional Probability Functions: 


eFor two discrete random variables and with 
Joint pd then 


and 


eTwo random variables and wil be 
independent if 
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I Example 7.6 An um contains З black, 2 red and 3 green balls and 2 balls are selected at tal 
' from it. If X is the. number of black balls and Y is the number of red balls selected, then find 


| i) the joint probability function Ax, Уул 
| i) P(X+ Y= 1); 

ій) the marginal p.d. g(x) and 10); 

| | iv) | the conditional p.d. fix | 1), 


у) HNO - ., and 
vi) Are & and Y independent? 


| h 

' M | 
WAS VS БЕА: ШЕ: 5, Ww | 

| i) CE Ерика 5 for 1 contains Я! =28 sample points. The pos ba * 

j | | | 

J 


of X are 0, 1 АВО and those for Yare 0, T 2, The values that (X, Y) can jale on are 
A (0, 1), (1, 0), (1, 1), (0, 2) and (2, 0). We desire to find Ах Y for cach value (x, у). 


"Now ДО, 0) = P(X=0 and'Y=0), where the event Md У-0) represents that лење 
| nor red Dall 18 selected, implying that the 2 select are green. balls, This event Ше 


| contains Ë 13 ie >) 3 sample points, and «ЯЗ ` 


f rt шив ы = 12 з ФЕ з "3 F | ZA Т ¿ s 3 мн "a 1 ті "n d ШЕ mw рот ED 


лао) =A oana JD 
Again 0,1) < 


Similarly, | M. = -P(X= гам JU) 
5 = P(1 is black, 1 is red and поз green) 
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) 
Similar calculations giye the probabilities of other values and the 2 f. оЁХ and Yi isg 


2 These probabilities can also Ба а. іп another tabular ate as follows: З 
» Joint Probability Distribution | 


1528 1208 128 | | 

| mc joint p.d. of the two r.v.'s 4 D< can n be represented by the formula. 
"e 151 e | E. y х =O 1:23 = 1 | 

f(x, y) = t- = -= — = ¥ zx G, 1, 2 ) rs 


OSX + YS SQN" 2 
. za Дано Wh 


4! 


То compute P(X + Y š 1), we see that x + y S the cells (0. 0), (0, 1) and (1, 0). 
Therefore 
PX*YSX1 = “Ло, op O 7 (1, 9 


By definition the conc ona! p.d. Nx 1) is 


Rx I)) =P(X=x|Y=1) 
| PS xandY =1) ЈО) 
PY=) МО. 
0 12 
«Sex Irene Au 7 


f(x) 2617 


0 = f(s), AE LS 


v) Finally, РОХУО | Y=) = ДОГ) > 


vi) We find that (0, 1) = . 


28 


6 1. 10 
IE pa 28 28 
** < 
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AQ) = 2 ло) = 99 = 12 I 


Ie 10. 12 x 
NOW 28 28 28 АЎ 
Le. f{0, ) = g(0) All), Nek 

md therefore Х and Y are not statisticallyanMependent. 


Example 7.7 The joint p.d. SOS. discrete r.v."s X and Y is given by 


Are X and Y independent? ` ) > 
4 The marginal ра. for X is | 


g(x)= 27 G | 784 ЕС 


ха 2 
22-12) y — + 2 ==. for x = 1, 2, Lt 
зо 30 є" ; 


=, 
— 


"and the marginal p.d. for Y is 
АС) = > x, y) 
E 


= 2y зу? m i 
VF 
о 20: 30 30- 5 "x 


2 -: Ё 
=. dies = хээд. = = Lš 223 3; andy = 1-22 
Di 30 б * 


С T Ки. c) = 8095 ко) | й E 


ЭГ, End: Y are independent. Es | < 


а; А 
надії of the continuous гу. 8 


g(x) = = f (x, y) dy 
Í SS 
the гл. Y is 


h(y) = ja dx. 


= the marginal p.d.f. of any of the variables is obtained by integrating out the SURE variable 
p. d. f. between the limits — 00 and +00. 


-conditional p. d. f. of the continuous г.у. X given that } takes the value y, is defined to be 


J 2 f(x; у) 
Jf (x|y) “Ку? 


and h(y) are respectively the joint p.d.f. of X and Y, and the marginal p.d.£ of Y and h(y)>0. 
Зу, the conditional p.d.f. of the continuous r.v. Y given that X = x, is 


fla) = FR Лью. provided that р(х) > 0. 


g(x) 
¿AE ena yo 7 


е IDAS 4 LI) 


Example 7.8 Given the following joint p.d.f. 
Fx, у) SG у). OSK S2, 28554, | 
= 0, elsewhere. 
a) Verify that f(x, у) 15 a joint density function. 
b) Calculate (1) Ax <=. 23 (ii) RX + Y < 3). 


c) Find the marginal p.d.f. g(x) and A(y). 
d) Find the conditional p.d.£ f(x | у) апа Ду Y. 
a) The joint density f(x, v) will be a p.d f. if 


` 
i fix, y) 2 O and A 
u o e 
ii) | | f(x, v)dx ду з 1. ES 


- Now fx, y) is clearly > 0 for al 


| ээ in the given region, and 
ex 
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| | 3-д 4 
- (ü) РО СРЕ! [6-х y аку y=3=x) 
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АЧ i Event + Y < 3" is shaded 


= y (x, yy, 


(^ 
=z Ј6- t= ууїу, 
2 


l »*T 
-1|6у-ху-3- 
је = 3i 


x 
marginal p. d. f. ОЁХ is 
£ < 


NO 


ü<r<? 


0=х52, 


05х52, 


x<0orx> 2. 


Similarly, the marginal p.d.f. of Y is 


ныг 

hy) - | 6-х-уу, 23584 
0 ь 

=-(5-y) 28784 


= 0), elsewhere. 


j i 
d) The conditional p. d. f. of X given Y = y, is 


ES 
AE where Б/у) > 0. 


- (1/8(6-x-y) 6-х-у 
+ (u45-») 2(5-у) < 


and the conditional p.d.f. of Y given X = x, is < 
ES 8 
TO rsh, where SS 


ПН 6-2-2 
(1/4) 9 2(3-x) | 
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Mathematical Expectation: 


Discrete r.v's: 


Let be a discrete r.v, then its expected value is denoted 
by and is defined as: 


e Example: Tossing З coins: XOH 


1/8 3/8 3/8 1/8 


a) If its rain, an umbrella salesman can earn $ 30 per day. If it is fair, he can lose $ 6 per 


day. What is his expectation if the probability of rain 15 0.37 


expected ram- 30 and. probability 0.3 


rain not expectd=-6 and probability=0.7 
so 300 329 
and -0*0,7=4 2 


Example: 


- Б) A man draws 2 balls from a bag containing З white and 5 
black balls. If he receives Rs. 70 for white balls he draw and 
Rs. 7 for black ball he draws. What is the expected value. 


e Bag contains З Wand 5 В Total number of balls = 8 
A man picks 2 Balls 


° Possibilities are: 2 W, 1W and 1B, 2B balls may be 
selected. 


* Probabilities: 


Continuous r.vs: 


Let be a continuous r.v with pdf then its expected value 
will be defined as: 


* Example: Let be a continuous r.v with pdf 


Expectation of function of a rv: 


° Discrete rv: Let be rv having pd , and let be a function 
of rv , Then 


e Continuous rv: : Let be a cont rv having pdf, and let be 
a function of rv , Then 


Median and Mode: 


eMedian: If is a continuous rv: Then a number will be 
median if 


e Quartiles: 


e Mode: For a continuous random variable having pdf А 
stationary point of will be a mode of if 
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Example 7.13 Let X have, ing probability distribution: 


N. 
AA Y | 


MA 


Fad the probability functions of 3X - 1, X° and X° + 2; and find E(3X - 1), E(X°) and Е(А + 2). 
probability distribution of the г.у. H(X) = 3X — |, is 


531 -1) = EH(x;)f(x,) = x, -1)f(x;) 
=2x0.2+5x0.3+8x0.2+11x02+ IA x O. 


-04-15416422414-71 


BEI E ASF Lae bt Dr UE Зб au e ет „ ee 11 mu A w — "ED 


The p.d. of H(X) = Х is 


\ | | Ä | 
DA M. E ээр 
E) | 92 (93 02 02 "61 
k | E 16.125 
and „ HN Ур f(x) 


=1x02+4x034+9x02+16x024+25x0.1 
-02-12:18432-25-89 


4 УНЫ ЕК 
Similarly, (0 2) = Х(х, +2)/(x;) 


=3x0.2+6x03+11x0.2+ 18x0,2+27x0.1 
-06-15-224 “asada 10.9 
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Example 7.14 Let X be a r.v. with p. d. i. $e 
fx)-2(x-1) 1«х-«2 eS 
= 0, elsewhere. GV 
Find the expected values of H(X) = 2X -- 1 and AL ye 


Now £(2X = fo- 9976 эн Día -Dax 


T 2 я 4| 2 Зх" š 
uris sl 


and 


= 


EX”) = [fa 


Example 7.15 If the continuous r.v. X has p.d.f. 


fix) = 20-316-9, 352255 


-0, - elsewhere. 
the arithmetic mean, variance and standard deviation of x. 


Now £(X) = [xfGydx. 


5 
3 
== fx. (3-хХх-5)4х 
3 


= + &x° Id a £x m fM 
1433 


A яву Ca 


Example 7.15 If the continuous r.v. X has p.d.f. 


fix) = 20-316-9, 352255 


-0, - elsewhere. 
the arithmetic mean, variance and standard deviation of x. 


Now £(X) = [xfGydx. 


5 
3 
== fx. (3-хХх-5)4х 
3 


= + &x° Id a £x m fM 
1433 


A яву Ca 


Var(X) = Er - ii 
—(47=2<02, end 


S. D. (A) = = = 0447 


mean = 4, variance = 0.2 an standard deviation = 0.447. 


l 
3 x* х“ 12 Ч 9 
| 4 16 


And E(X*)= |x" f(x)dx | 

S 
Arana [ates ке 
-5 р (L+x?) de 2)6 hr & 


0 


3 5 
` 
(в) 570^ S 


x 2 
- Var(X)=E(X?) -ENP = 211) 
| x 
= 90.0836, so that 

S.D. (X) or с = „/0.0836 = 0.289 
Now PX -ul<o)=P(-a<X-u<o) 

= Mu-o0<X < u+) 

= P(0.5625 — 0.289 < X < 0.5625 + 0.289) 


= P(0.2735 « X <0.8515), and 


| 3 0.8515 - 
P(0.2735 < X <0.8515) == fa +х2)ах 
0.2735 


ttps://stat9943.blogspot.com 


| vARtABLES 


3 0.2735 


3 8515 
= 1» + 2 
4 
3 


= (0.8515) 
4 


M 3 
fossis ӨВИЗ” ans, | 


- 40 05729 — 0.28032]= 0.8527 
P(X - ul < o) = 0.8527. 


Example 7.17 A continuous r.v. & has the p. d 
f(x) 4 OSx S2. 


= 0. elsewhere 
first four moments about the mean and the coefficient of skewness. 


We first calculate the moments about origin as: Q 


4 =Е()= d 


qee: sji, 
4,5 6] 4130] 5 


ці я КОХ") food 


3 2 3| * 
= Ir (22-2 )dy == 5 
| еј 
„316 21.2 |- 15 
313 7 | 41211 7 


1 
Then we find the moments about the mean a5; 


ќе «0 


7 Gul pes 
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це us - 312 te + 204: Y Ne 
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10 ЗЕ tor. 3 
7 K< q 
x 
The coefficient of теве i5 


fos E(X —uY = Hy; | 


2 
2 


= E(X — uy =f} 
he a 
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Geometric and Hormonic Means: 


e Geometric Mean: 


e Hormonic Mean: 


Example 7.24 Let X bea r.v. with p.d.f. 
N EC 08 x< . 
= 0, elsewhere, 


where k is a constant. Then find the mean, median, mode, harmonic mean and standard devia 


Now, the mean, or E(X) is given by 


1 
u= E(X)= u e 
Ü 


| ою l 
=6 f(x d= Zl=—| =-- 
- 3 | E 2 


median, a, is given by Í T d = n . Thus 5 


S 
cv. 


G 1 2 3 a 1 
Herberge, d Е 2 
or 4d 64 120 i Rd 


?zctorize the equation Да? — ба? + 1 = раї» 
Qa- 1) 2a -2a- 1j» AN 


cer 22-1 =0 wich ße = 


-2а- Í = 0, which gives a = l = „i. e. a= 0.366 or 1.366. 


values - 0.366 and 1.366 are unacceptable since a must lie in the interval (0, 1). The median 
given by a - 


= that value of x for which 
(x) - 0, and (ii) f'(x) «0 
=) = 6(х- х), and f'(x)= 6 (1 — 2x) 


z)=0 when | - 2x = 0 or х. 


To check that this is maximum, we find 
ГО) =6(-2)=-12<0 | 


i.e. f'(x) is negative for all values of x, there is a maximum at х => 


Hence the mode => ^ 


The harmonic mean, H, is given by 


1 
F )dx 


i | EX 
= 1-х = — | = 
sk x) dx 4: | 3 


Again, y; = E(X?) = Pb Јод 


Ге .6(x — x2)dx= 


; тийн 
“Hy =E(X?)- mabe. us — 


DN. 


Moment Generating Function 
If is continuous rv. 


If is discrete rv. 


Quiz # 2 10 min (Data 
Science)P 


e 1- If a committee of size 3 selected from 7 men and 5 
women. What is the probability that it will contain 
exactly 2 men? 


«In a bolt factory, three machines Мі, Mz, and Ms 
manufacture 2000, 2500, and 4000 bolts every day. Of 
their output 3%, 4%, and 2.5% are defective bolts. One 
of the bolts is drawn very randomly from a day's 
production and is found to be defective. What is the 
probability that it was produced by machine M2? 


Quiz #2 T 10 min 


e 1-5 books are selected from 8 Maths and 7 Physics 
books, what is the probability that all of them are Maths 
books? 


e2- 1% of a population have a certain disease and the 
remaining 99% are free from this disease. A test is used 
to detect this disease. This test is positive in 95% of the 
people with the disease and is also (falsely) positive in 
2% of the people free from the disease. If a person, 
selected at random from this population, has tested 
positive, what is the probability that she/he has the 
disease? 


Quiz # 2 U 10 min 


1. 4-digit numbers are formed from 1,2,3,4,5,6 without 
repetition and then a number is selected at random, 
what is probability that it will be divisible by 5? 


2. Two production lines produce the same part. Line 1 
produces 1,000 parts per week of which 100 are 
defective. Line 2 produces 2,000 parts per week of 
which 150 are defective. If you choose а part 
randomly from the stock what is the probability it is 
defective? If it is defective what is the probability it 
was produceq by line 1? 


Quiz # 2 E 10 min 


1. 4-digit numbers are formed from 1,2,3,4,5,6 without 
repetition and then a number is selected at random, 
what is probability that it will not be divisible by 5? 


2. 1% of a population have a certain disease and the 
remaining 99% are free from this disease. A test is 
used to detect this disease. This test is positive in 95% 
of the people with the disease and is also (falsely) 
positive in 2% of the people free from the disease. If a 
person, selected at random from this population, has 
tested positive, what is the probability that she/he has 
the disease? 


